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We discuss the phase diagram and the universal scaling functions of attractive Fermi gases at finite imbalance.
The existence of a quantum multicritical point for the unitary gas at vanishing chemical potential µ and effective
magnetic field h, first discussed by Nikolić and Sachdev, gives rise to three different phase diagrams, depending
on whether the inverse scattering length 1/a is negative, positive or zero. Within a Luttinger-Ward formalism,
the phase diagram and pressure of the unitary gas is calculated as a function of the dimensionless scaling vari-
ables T/µ and h/µ. The results indicate that beyond the Clogston-Chandrasekhar limit at (h/µ)c ' 1.09, the
unitary gas exhibits an inhomogeneous superfluid phase with FFLO order that can reach critical temperatures
near unitarity of ' 0.03TF .
1. INTRODUCTION
The experimental realization of stable, two-
component Fermi gases near a Feshbach resonance,
where the magnitude of the scattering length a can
be tuned far beyond the average interparticle spacing,
allows to explore the crossover from a Fermi superfluid
of the BCS-type to a Bose-Einstein condensate of
tightly bound pairs (for recent reviews of this subject
see [1], [2] and [3]). Of particular interest in this
context is the unitary regime kF |a|  1. At first sight,
the point at which the scattering length diverges is
not expected to show any special features, because the
ground state is a superfluid on both sides of the unitary
point. This argument, however, misses a number of
essential features: As pointed out by Nishida and
Son [4], the unitary gas realizes a non-relativistic field
theory which is both scale and conformally invariant.
The additional symmetries have a number of nontrivial
consequences, like a vanishing bulk viscosity [5] or a
breathing mode at twice the trap frequency in the
presence of a harmonic confinement [6]. The latter
is due to a hidden SO(2, 1) symmetry first discussed
for Bose gases in two dimensions [7]. Moreover, as
shown by Nikolić and Sachdev [8], the unitary gas at
zero density realizes a quantum multicritical point.
It separates the onset transition from the vacuum
to a finite density superfluid into two regimes where
the flow is towards a weakly interacting gas of either
Fermions or Bosons. The thermodynamics of a Fermi
gas near unitarity is therefore governed by a novel
* E-mail: zwerger@ph.tum.de
strong coupling fixed point and associated universal
scaling functions.
In the following, we will discuss the consequences
of this basic insight for the phase diagram and scaling
functions of imbalanced Fermi gases at finite values of
the chemical potential difference h = (µ − µ)/2 (for
reviews of this subject see [9] or the chapters by Chevy
and Salomon or by Recati and Stringari in [10]). It
turns out that - in combination with input from existing
and new microscopic results - this approach provides a
quantitative description of their thermodynamic prop-
erties. In particular, we will determine the universal
phase diagram at zero temperature as a function of the
effective magnetic field h and the chemical potential
µ. At unitarity, scale invariance implies that the phase
boundaries are simply straight lines with slopes that
are universal numbers. Away from unitarity, the phase
diagram at arbitrary values of the scattering length col-
lapses into just two different universal diagrams by scal-
ing the chemical potential µ¯ = µ/(εb/2) with the char-
acteristic two-particle energy εb = ~2/(ma2). The dia-
gram covering negative values of the scattering length
has the form known from BCS-theory in the presence
of a Zeeman field which couples to the spin imbalance.
In particular, it exhibits an FFLO type superfluid 1)
with a spatially varying order parameter proportional
to cos (Q · x) in the regime 1/√2 < h/∆ < 0.754,
where ∆ is the quasiparticle gap at h = 0 [12, 13]. An
1) As emphasized by Radzihovsky [11], FFLO is a pair-density
wave rather than a genuine supersolid because there is only a
single order parameter, not two independent ones.
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FFLO phase is also present at unitarity and it extends
to positive values of the scattering length. For a > 0,
there is again a universal phase diagram h¯ = h/(εb/2)
versus µ¯, which is fundamentally different from the one
at a < 0. The fact that the ground state of the uni-
tary gas exhibits FFLO order beyond the Clogston-
Chandrasekhar limit at (h/µ)c ' 1.09, where a finite
imbalance s = n − n 6= 0 sets in, is consistent with
a field-theoretical analysis by Son and Stephanov [14]
and also with numerical studies e.g. [15]. It is sup-
ported below by a calculation of the phase diagram and
scaling functions within a Luttinger-Ward approach,
extending earlier results [16] to finite values of the im-
balance. The range of temperatures, where FFLO or-
der appears is restricted to temperatures smaller than
' 0.03TF , making its observation rather challenging,
even with the availability of confining potentials for
ultracold Fermi gases which are flat over considerable
length scales [17].
2. FESHBACH RESONANCES AND LOW
DENSITY LIMIT
The regime of strong interactions in dilute, ultra-
cold gases can be reached via Feshbach resonances [18].
In the case of magnetically tunable resonances, a stan-
dard parametrization of the scattering length near a
particular resonance at B = B0 is given by
a(B) = abg
(
1− ∆B
B −B0
)
→ − ~
2
mr?∆µ(B −B0)+. . . .
(1)
Here, abg is the off-resonant background scattering
length in the absence of the coupling to the closed
channel, while ∆B describes the width of the reso-
nance expressed in magnetic field units. The resonant
contribution to the scattering length is inversely pro-
portional to the detuning ν(B) = ∆µ(B − B0), where
∆µ is the difference in magnetic moments between the
open and closed channel, which can be either positive
or negative. The relation 1/a = −mr?ν(B)/~2 + . . .
near the resonance defines a positive, intrinsic length
scale r? > 0. Characteristic values of the background
scattering length abg are of the order of the van der
Waals length lvdW =
(
mC6/~2
)1/4
/2, which is deter-
mined by the strength C6 of the attractive interaction
at large distances [19]. In the regime of interest here,
this is much smaller than the resonant contribution.
A microscopic description of interactions near
a Feshbach resonance, which neglects the back-
ground contribution to the scattering length, can
be obtained within a two-channel model. For a
two-component Fermi gas, the effective Hamiltonian is
HˆFeshbach =
∫
x
[∑
σ
ψˆ†σ(x)
(− ~2
2m
∇2)ψˆσ(x) + Φˆ†(x)(− ~2
4m
∇2 + νc(B)
)
Φˆ(x)
+ g˜
∫
x′
χ(|x− x′|)
(
Φˆ†(
x+ x′
2
) ψˆ(x)ψˆ(x′) + h.c.)] . (2)
Here, the fermionic field operators ψˆσ(x) describe
atoms in the open channel, with a formal spin variable
σ =,  distinguishing two different hyperfine states.
The bound state in the closed channel is denoted by
the bosonic operator Φˆ. Its energy νc(B) measures the
detuning of the bare closed channel bound state with
respect to two atoms at zero energy. The coupling is
characterized by a strength g˜ and a form factor χ(x),
which only depends on the magnitude |x − x′| of the
distance between two atoms in the open channel and
is normalized by
∫
x
χ(x) = 1. In the following, the
two-channel model of Eq. (2) will be replaced by an ef-
fective direct interaction between the Fermions, which
is obtained by integrating out the bosonic field Φˆ. The
effective scattering amplitude of two atoms with mo-
menta ±k in their center of mass frame is given by
f(k) =
m
4pi~2
g˜2χ2(k)GΦ(E = ~
2k2
m
,Q = 0) . (3)
Its dependence on the momentum k is determined by
the inverse propagator
G−1Φ (E,Q = 0) = −E + νc(B) +
mg˜2
~2
∫
q
χ2(q)
k2 − q2 + i0
(4)
of the field Φˆ at vanishing total momentum Q = 0 and
energy E = ~2k2/m. Expanding f(k) at low energies,
the scattering amplitude has the standard form
f(k) =
1
k cot δ0(k)− ik →
1
−1/a+ rek2/2 + · · · − ik .
(5)
2
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The associated scattering length a and effective range
re are given by [20]
1
a
=−mr
?
~2
νc(B) +
1
2σ
and re=−2r?+ 3σ
(
1− 4σ
3a
)
.
(6)
The length r? = 4pi~4/(m2g˜2), which is inversely
proportional to the square g˜2 of the Feshbach cou-
pling, turns out to coincide with the parameter in-
troduced above. The second length scale σ, which
arises from a Lorentzian cutoff χ(k) = 1/
(
1 + (kσ)2
)
in momentum space, is essentially equal to the van
der Waals length lvdW. This follows by expanding
the detuning νc(B) = ∆µ(B − Bc) of the closed chan-
nel molecular state to linear order around a bare res-
onance position Bc. The inverse scattering length
1/a(B) = −mr?ν(B)/~2 then indeed has the form
given in (1). The resonance position is, however, shifted
from its bare value by
∆µ (B0 −Bc) = ~
2
2mr?σ
. (7)
This shift has been calculated within a microscopic
description of the Feshbach coupling using multichan-
nel quantum defect theory [21]. Comparison with this
result yields the identification of the effective range σ
of χ(x) with the mean scattering length a¯ = 0.956 lvdW
[20].
Depending on the value of the resonance strength
parameter sres = a¯/r?, Feshbach resonances can
be classified as either open or closed channel dom-
inated [18]. In the open channel dominated case
sres  1, the effective range re → 3σ = 3 a¯ essen-
tially coincides with the value re → 2.92 a¯ obtained
for a single-channel potential with a 1/r6 tail in the
relevant regime where |a|  a¯ [22]. In the case of
closed channel dominated resonances with sres  1, in
turn, Eq. (6) gives rise to a negative effective range
re → −2r?, whose magnitude is large compared to the
characteristic scale set by a¯ ' lvdW 2). Now, in order
to obtain a thermodynamic potential for a Fermi gas
at finite density, where the interaction is completely
specified by the scattering length alone, it is necessary
that the effective two-body scattering amplitude (3) is
of the idealized form f(k) = −a/(1 + ika) of a contact
interaction at all relevant wave vectors. This requires
the effective range re to be negligible at k ' kF , which
is valid in the limit kF |re| → 0. It is obvious that this
2) Note that in many publications, the form factor χ(x) in (2)
is replaced by a delta function, which leads to the incorrect result
re = −2r? for all Feshbach resonances.
limit is eventually always reached at low enough den-
sities. For closed channel dominated resonances, the
condition kF |re|  1 coincides with the requirement
that the fraction
Z =
1
N/2
∫
R
〈Φˆ†(R)Φˆ(R)〉 ' kF r?/2 1 (8)
of closed channel molecules near the resonance is
small compared to one [3, 23], a condition which is
often called the ’broad resonance’ limit 3). For the
relevant case of open channel dominated resonances,
where r?  a¯, the condition kF |re|  1 requires,
however that kF a¯ 1, which is much more restrictive
but still well obeyed in practice. A specific example
is the Feshbach resonance in 6Li near 832G, where
sres = a¯/r
? ' 59 and a¯ ' 30 aB [18]. For typical values
of the Fermion density, the closed channel fraction
Z ' kF a¯/(2sres) ' 10−4 near B0 is then negligible
since both kF a¯ and 1/(2sres) are very small.
In practice, it is only for open channel domi-
nated Feshbach resonances, where the multicritical
fixed point of a unitary gas with zero range interac-
tions, which will be discussed below, is accessible. In-
deed, in the closed channel case, the broad resonance
condition (8) implies that the cutoff ε? = ~2/m(r?)2
in energy of the effective Fermi-Fermi interaction due
to finite range effects with re = −2r? is much larger
than the Fermi energy εF . This is necessary for uni-
versality, which requires that εF and εb = ~2/ma2 are
the only energy scales in the problem. The condition
that the resonant contribution to the scattering length
is much larger than typical background values a¯, how-
ever, requires |ν(B)|/E¯  sres, where E¯ = ~2/ma¯2 is
the van der Waals energy, of order 670MHz for 6Li. For
closed channel dominated Feshbach resonances, where
sres  1, the range of detunings ν(B) where |a|  a¯ is
thus very narrow. In the open channel dominated case,
in turn, the condition |ν(B)|/E¯  sres is obeyed over
a wide range of detunings because sres  1. In this
context, it is also important to emphasize that the case
γ ' 1/(kF r?)  1 of a ’narrow’ Feshbach resonance,
as used e.g. in [24], leads to a completely different uni-
versality class. For such resonances, the bosonic field
Φˆ in the basic Hamiltonian (2) may be replaced by a
c-number gap function ∆(x) via
g˜
∫
x′
χ(|x− x′|) Φˆ†(x+ x
′
2
) → ∆(x) . (9)
3) This must be distinguished carefully from the notion of open
or closed channel dominated resonances discussed above, which
is defined at the level of two-body interactions, independent of
the Fermion density.
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The two-channel model is thus reduced to the exactly
solvable BCS Hamiltonian. The replacement (9) is
legitimate, because for sres  1 the closed channel
state is responsible for the interaction between the
Fermions in the open channel but is unaffected by
their condensation, similar to phonons in conventional
superconductors. The associated description corre-
sponds to taking a high density limit. It gives rise
to the well-known BCS-universality, which is quite
different from the universality discussed below [3].
In the low density limit kF |re| → 0,
the basic two-channel model (2) can
be replaced by an effective Hamiltonian
Hˆ =
∫
x
[∑
σ
ψˆ†σ(x)
(− ~2
2m
∇2)ψˆσ(x) + g¯(Λ) ψˆ†(x)ψˆ†(x)ψˆ(x)ψˆ(x)] , (10)
which involves a direct delta function interaction
V (x) → g¯(Λ) δ(x) between Fermions. This Hamilto-
nian needs a cutoff in energy due to the finite range
of the physical interactions. For open channel domi-
nated Feshbach resonances, this cutoff is the van der
Waals energy E¯. Formally, the delta function interac-
tion leads to a vanishing scattering amplitude if g¯ is
kept finite. The coupling constant g¯(Λ) must therefore
be adjusted properly to give rise to a non-vanishing
scattering length a. Taking the limit k → 0 in the
two-body Lippmann-Schwinger equation and defining
the physical coupling constant g = 4pi~2a(B)/m, this
implies the relation
1
g¯
=
1
g
−
∫
q<Λ
1
2εq
. (11)
Here εq = ~2q2/2m is the energy of a free particle
and the divergent integral is regularized by a cutoff
Λ ' pi/a¯, which is determined by the mean scattering
length a¯.
3. UNIVERSALITY AND ZERO
TEMPERATURE PHASE DIAGRAM
In order to understand the nature of the critical
points which give rise to universality in dilute, ultra-
cold Fermi gases, it is useful to consider the onset
transition at zero temperature from the vacuum to
the state with a finite density [25]. For attractive,
two-component Fermi gases the zero density limit
turns out to be fundamentally different, depending on
whether the associated scattering length a is positive
or negative [8]. For a > 0, the existence of a two-body
bound state with energy εb = ~2/ma2 implies that
a finite density of Fermions appears - as a dilute gas
of dimers - already for a negative (Fermion) chemical
potential µ > −εb/2. Since the effective interac-
tion between two dimers is repulsive with scattering
length add = 0.6 a [26], one obtains a stable, dilute
BEC. The line where µ(a) = −εb/2 is thus a line of
quantum critical points. It separates the formally
incompressible vacuum state from a weakly interacting
Bose superfluid. According to the Gross-Pitaevskii
equation, its density vanishes linearly as µ+εb/2→ 0+.
For negative values of a, there is no bound state. A
finite density of Fermions thus only appears for µ > 0,
with n(µ, T = 0) ∼ µ3/2 to leading order. Due to the
attractive interaction, there is a pairing instability
and the ground state is again a superfluid. In the low
density regime µ ~2/ma2, which implies kF |a|  1,
the superfluid is of the BCS-type. Pairing only affects
an exponentially small region of order exp−pi/(2kF |a|)
around the Fermi surface. For negative values of
the scattering length there is thus again a line of
quantum critical points, now at µ = 0. It separates
the vacuum from a weak coupling fermionic superfluid.
The situation is fundamentally different, however,
if the scattering length is infinite. There, lowering
the density or chemical potential from a finite value
towards zero, one never reaches a dilute gas of either
Bosons or Fermions. Instead, the problem remains a
strong coupling one for arbitrary small values of the
density.
The resulting zero temperature phase diagram for
a spin-balanced gas is shown in Fig. 1. It contains two
lines of continuous quantum phase transitions: µ = 0
for negative and µ/E¯ = −(a¯/a)2 for positive values
of the scattering length. The point at 1/a = 0 is the
joint endpoint of these two lines and is thus a multi-
critical point. As shown by Nikolić and Sachdev [8], it
is an unstable fixed point which has only three relevant
perturbations. They are the dimensionless detuning
ν = −a¯/a away from resonance, the chemical potential
µ and a possible finite difference h = (µ−µ)/2 of the
4
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Fig. 1. Zero temperature phase diagram of a dilute Fermi
gas with attractive interactions. The unstable fixed point
at zero chemical potential and infinite scattering length
a¯/a = 0 describes the physics near a Feshbach resonance
(from [8]).
chemical potentials for the two spin species. A conve-
nient representation for the scaling functions around
this fixed point is obtained within a grand canoni-
cal description, where both the total particle number
Nˆ = Nˆ + Nˆ and the ’polarization’ Sˆ = Nˆ − Nˆ are
controlled by their conjugate thermodynamic variables
µ and h. The associated partition function
ZV (β, µ, h, 1/a) = Tr e
−β(Hˆ−µNˆ−hSˆ) = exp (V βp)
(12)
then determines the pressure p, from which the total
density n = n + n and the spin density s = n − n
follow by differentiation n = ∂p/∂µ and s = ∂p/∂h.
Its dependence on the three relevant scaling variables
µ, h and 1/a can be expressed in terms of a universal
function fp(x, y, z). A convenient definition is obtained
by factorizing out the pressure p(0)(T, µ) of a balanced
two-component, non-interacting Fermi gas in the form
p(T, µ, h, 1/a) = p(0)(T, µ) · fp (βµ, βh, λT
a
) (13)
where λT = ~
√
2pi/mT is the thermal wavelength (we
use units for the temperature where kB = 1). For the
special case of a balanced, unitary gas, the function
fp(βµ, 0, 0) has been determined experimentally from
an integration of the directly measured density n(β, µ)
in the relevant range between the non-degenerate limit
at βµ ' −1.6 down to [27] and also below the super-
fluid transition at (βµ)c ' 2.5 [28]. Its extension to
finite values of h will be calculated in section 4 below,
using the Luttinger-Ward formalism in the normal fluid
regime. From Eq. (13) all other thermodynamic prop-
erties can be deduced by differentiation. For example,
the finite polarization due to a nonzero field h follows
from
s(T, µ, h, 1/a) = βp(0)(T, µ) · ∂fp (x, y, z)
∂y
. (14)
At zero temperature, the scaling function depends
on two variables only, which is reduced further to the
single variable h/µ right at unitarity. For finite values
of the scattering length, both positive or negative, a
convenient choice for the two scaling variables are the
dimensionless chemical potential µ¯ = µ/(εb/2) and the
dimensionless Zeeman field h¯ = h/(εb/2). Factorizing
out p(0)(0, µ) ∼ µ(2mµ)3/2/~3, the scaling functions at
zero temperature may then be defined by
p(µ, h, 1/a)
p(0)(0, µ)
= f± (µ¯, h¯) → f(h/µ) at 1/a = 0 , (15)
where the subscript ± differentiates between positive
or negative values of 1/a. In particular, the value
f(0) = ξ
−3/2
s ' 4.44 of the scaling function, which
characterizes the ground state of the balanced Fermi
gas at unitarity, is fixed by the Bertsch parameter
ξs ' 0.37. This theoretical value is predicted by a
Padé resummation of the ε = 4 − d expansion for
the unitary gas developed by Nishida and Son, which
gives ξs = 0.365 ± 0.01 [29, 30]. It agrees perfectly
both with the measured value ξs = 0.37± 0.01, taking
into account the precise position B0 = 832.18G of the
6Li resonance [31] and also with the result ξs = 0.36
obtained from a diagrammatic calculation based on
the Luttinger-Ward approach [16].
Equations (13) and (15) generalize results which
have been formulated for the special case of the
unitary gas at finite temperature by Ho [32] and
at zero temperature in Refs. [33, 34]. The proposed
scaling is based on the argument that the ratio p/p(0)
can only depend on the dimensionless variables βµ,
βh and λT /a, provided a is the single relevant length
scale which fully characterizes the interaction 4). The
insight that (13) and (15) are universal scaling func-
tions associated with the unstable fixed point at zero
density discussed above provides a lot of additional
information, however.
4) Dimensional analysis is sufficient to formulate a scaling func-
tion for the pressure because it does not develop an anomalous
dimension, in contrast to observables like the collisional relax-
ation rate [35] or the closed channel fraction (8), which involve
the additional microscopic lengths a¯ or r?.
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Fig. 2. Panel a): Universal phase diagram for negative values of 1/a with the finite density phases: fully polarized gas
NΩ , normal fluid with finite spin population of the minority atoms NΩ>Ω and the superfluid FFLO and balanced BCS
phase, the latter denoted as SF0. The dashed lines indicate the crossover of the critical fields towards the strong coupling
regime. Panel b): Unitary limit of the universal phase diagram, where all phase boundaries extend linearly from the quantum
multicritical point. Note that the slopes of hc and hFFLO represent the Luttinger-Ward results.
In particular, focusing on zero temperature, the fact
that the crossovers between the strong coupling fixed
point at µ = 1/a = h = 0 and the two possible
weak coupling fixed points at finite values of the
scattering length occur at µ¯ = O(1) and h¯ = O(1)
fully determines the scaling function f± (µ¯, h¯) in both
limits µ¯, h¯  1 and µ¯, h¯  1 (see below). As a result,
the phase diagram at any finite value of the scattering
length can be collapsed to just a single one on the BCS
or the BEC side by a simple rescaling of µ and h.
For the phase diagram at zero temperature but fi-
nite values of the field h, the unitary case and the one
for negative scattering length (both depicted in Fig. 2)
turn out to be the simplest conceptually. Starting with
the unitary gas, the vacuum state at µ < 0 evolves
into a fully polarized Fermi gas at h = |µ|, because,
for negative values of the chemical potential, h > |µ|
implies µ > 0. The same state can also be reached
for µ > 0, provided h > hs is larger than a ’saturation
field’ hs beyond which the Fermi gas is fully polarized.
As realized by Chevy [34], this field is determined by
calculating the addition energy of a single down spin
added to a Fermi sea of up spins. A precise solution of
the associated Fermi polaron problem shows that the
ratio η = µ/µ = −0.615 of the chemical potentials
has a universal value at unitarity [36]. Due to
η =
µ
µ =
1− h/µ
1 + h/µ
≤ 1 (16)
this ratio fixes the corresponding saturation field
(h/µ)s = (1 − η)/(1 + η) = 4.19. Starting from
small values of the field h, the gapped superfluid at
h = 0 acquires a finite polarization s 6= 0 beyond a
Clogston-Chandrasekhar (CC) field hc [37, 38]. From
our Luttinger-Ward calculation below, this field is at
(h/µ)c = 1.09 ± 0.05. A discussion of how this result
compares with previous theoretical and also experimen-
tal values will be given in section 4. A crucial and still
open issue is the precise nature of the ground state in
the regime hc < h < hs. The standard assumption is
that it is a normal Fermi liquid with two Fermi surfaces.
Their volumes Ω, in momentum space are connected
with the finite polarization s 6= 0 by the exact relation
s =
Ω − Ω
(2pi)
3 (17)
derived, for homogeneous phases, by Sachdev and
Yang [39]. The relation shows, that any phase with
a finite polarization must have at least one Fermi
surface. In phases which break translation invariance
like FFLO, the relation holds only modulo the vol-
ume of the unit cell in the corresponding reciprocal
lattice. Our results below indicate that, in fact, an
intermediate FFLO phase appears beyond the CC -
limit even for the unitary gas. Specifically, we find
that the vertex associated with a pairing instability
diverges at a finite rather than at zero center of mass
momentum Q at the lowest accessible temperatures in
the regime immediately above hc. The conclusion is
also supported by a continuity argument: as will be
discussed below, there is an FFLO line hFFLO(µ¯) in
the universal phase diagram covering negative values
of the scattering length. In the limit εb → 0 or µ¯ 1,
this line must continuously evolve into a line of phase
transitions for the gas near unitarity.
6
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Fig. 3. Panel a): Universal phase diagram on the BEC side. BEC+Ω is a condensate with an additional Fermi surface.
Beyond the point S, an inhomogeneous superfluid with two Fermi surfaces appears just above h¯c. The thick solid line
between T and M denotes a first order transition. Along the dash-dotted line SM Ω = 0. Panel b): A more detailed
version of the phase diagram due to Son and Stephanov, including both an FFLO and a Sarma phase. The Lifshitz point L
(omitted in Panel a)), where FFLO disappears, is close to unitarity.
Unless the nature of the transition changes at some
finite value µ¯ = O(1) along this line 5), an inhomo-
geneous superfluid with FFLO order must be present
at unitarity. From our numerical results below, we
estimate a critical value (h/µ)FFLO = 1.28 ± 0.15.
The ground state beyond hFFLO, which again has
two Fermi surfaces, is likely to be unstable to p-wave
pairing around the majority Fermi surface as discussed
by Kagan and Chubukov for imbalanced Fermi gases
with repulsive interactions in the regime kFa 1 [42],
see also [43]. More recent calculations by Patton and
Sheehy for the unitary gas indicate that the transition
temperatures can reach up to 0.03 εF [44]. For the
following discussion, we will neglect this and assume it
is a Fermi liquid state, as indicated experimentally [45].
The resulting phase diagram is shown in Figure 2 b).
Apart from the vacuum transition line h = |µ|, it
features three straight lines which, as a consequence
of scale invariance, are perfectly linear up to the
cutoff energy E¯. Their slopes are universal numbers,
which are just the values of h/µ where the scaling
function f(h/µ) defined in (15) exhibits singularities.
In particular, at the first order CC - transition, f(h/µ)
has a discontinuity in slope from zero below (h/µ)c to
a positive value above.
The h versus µ phase diagram at negative values of
the scattering length is determined by the fact that the
limit µ ~2/ma2 corresponds to a Fermi superfluid of
5) This happens in mean field calculations, where
FFLO disappears in the ground state at a finite negative
1/(kF a)
∗ = −2.86 [40] or 1/(kF a)∗ = −0.46 [41].
the BCS-type, with a crossover to the strong coupling
fixed point for µ¯ = µ/(εb/2) = O(1). Indeed, the line
µ = 0 at finite negative values of 1/a is a line of quan-
tum critical points which all share the same fixed point,
namely a weak coupling BCS superfluid. In the limit
µ¯  1, the boundary of the balanced superfluid phase
is thus given by the standard result hc = ∆/
√
2 [46,47],
which yields
h¯c(µ¯ 1) = µ¯ · (2/e)
7/3
√
2
exp (−pi/2√µ¯) , (18)
where we have used the exact expression for the
gap ∆ [48]. This line extends in a continuous man-
ner to the strong coupling regime µ¯  1, where
(h/µ)c ' 1.09 approaches the strictly linear behavior
at the unitary fixed point. Note that the limit µ¯  1
is compatible with the condition µ  E¯, i.e. the
domain of applicability of the contact interaction
Hamiltonian (10), because, as discussed above, for
open channel dominated resonances, a wide range of
scattering lengths |a|  a¯ is accessible. A similar
crossover between the weak coupling and the unitary
gas fixed point appears for the critical temperature,
where (T/µ)c = 0.277 exp (−pi/2√µ¯) for µ¯ 1 evolves
continuously into (T/µ)c ' 0.4 for µ¯  1. The latter
dependence characterizes the gas at unitarity, where Tc
scales linearly with µ [49]. The fact that the CC - line
extends in a continuous manner up to unitarity and
even beyond to positive scattering lengths is connected
with the fact that the so called splitting point, where
- coming from the BEC side at positive values of 1/a -
the continuous transition from a balanced to a polar-
ized superfluid with a finite Fermi surface of majority
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atoms splits into two first order transitions [14] - is on
the BEC side at 1/a > 0. This will be discussed further
below. Beyond the CC - transition, a weak coupling
Fermi gas turns into an inhomogeneous superfluid
with an order parameter which varies periodically like
cos (Q · x). This phase, which is denoted generically
by FFLO in the following, is the ground state in a
small window 1/
√
2 < h/∆ < 0.754 [12, 13]. It defines
an FFLO line hFFLO(µ¯ 1) = 0.754 ∆ just above the
CC - line (18) with the same dependence on µ¯. For
µ¯  1, this line again acquires the linear dependence
(h/µ)FFLO ' 1.28 characteristic for the behavior at
unitarity. Similarly, the saturation field hs beyond
which only a single Fermi surface remains, has a
simple form hs(µ¯ 1) = µ in the weak coupling limit,
because pairing is suppressed exponentially. Thus, to
leading order, the saturation field is given by its value
in a non-interacting Fermi gas. For µ¯  1, in turn,
the dependence is again linear, but the slope is now
given by the universal number 4.19 which characterizes
the strong coupling fixed point discussed above. The
complete phase diagram is shown in Figure 2a),
restricted to the regime µ¯  1 where everything is
covered by standard results for pairing of Fermions
in a weak coupling approximation. The new aspect
associated with the crossover between the weak and
strong coupling fixed points discussed above is that,
using the proper dimensionless units µ¯ and h¯, this
diagram is the universal phase diagram for all negative
values of the scattering length. Arbitrary values of
1/a < 0 can thus be collapsed into a single diagram
whose behavior is known quantitatively in both the
weak and strong coupling limit µ¯ 1 or µ¯ 1. Note
also, that the h versus µ diagram is directly accessible
in the presence of a harmonic trap. Indeed, within
a local density approximation, the chemical potential
µ(r) = µ(0) − mω2r2/2 decreases quadratically with
the distance r from the center of the trap, while
h = (µ − µ)/2 stays constant. The different phases
thus appear according to a horizontal line from right
to left in Figure 2.
Finally, we turn to the most complex case of the
phase diagram at finite positive values of 1/a, where
the ground state at h = 0 is a dilute, repulsive BEC
with a dimer-dimer scattering length add = 0.6a. At
h = 0, a molecular BEC appears for µ > −εb/2. At
finite values of h, however, even smaller values of the
chemical potential are physically relevant. Indeed, the
transition out of the vacuum state at µ < −εb/2 again
appears at h = |µ| into a fully polarized gas of -
Fermions. The boundary line of this phase defines the
associated saturation field hs. As in the case of nega-
tive scattering lengths, this line is fully determined by
considering the problem of adding a single down spin
to an up-spin Fermi sea. Close to the vacuum point at
µ = −εb/2 and h = εb/2, this problem exhibits a bound
state rather than a stable Fermi polaron [36]. Over a
remarkably wide range of coupling constants, the chem-
ical potential for adding a single down spin on this
molecular branch obeys µ = −εb−µ + gadn [36,50].
Here, n↑ is the density of the noninteracting major-
ity atoms while gad = 3pi~2aad/m describes the atom-
dimer repulsion associated with a corresponding scat-
tering length aad = 1.18a [35]. The resulting ratio
η = µ/µ then determines the saturation field
hs =
εb
2
+ const
(
2µ+ εb
gad
)2/3
+ . . . , (19)
where const = ~2(6pi2)2/3/(2m) can be directly ob-
tained from the ground state energy of the majority
atoms. This relation remains quantitatively valid for
all values of µ¯ shown in Fig. 3 a) [36,50].
To determine the CC - field for positive values of the
scattering length, we use the fact that on the bosonic
side of the splitting point S, hc ≡ ∆ is given exactly
by the excitation energy gap ∆ for Fermi quasipar-
ticles [14] (see below). Inserting the known asymp-
totic form of ∆ in the BEC-limit [51], the critical field
strength
hc =
εb
2
+
(
3
aad
add
− 1
)
(µ+ εb/2) + . . . (20)
exhibits a linear dependence on µ+ εb/2 from its onset
out of the vacuum, with a universal slope 4.9.
As shown by Son and Stephanov [14], the nature of
the CC-line changes when the quasiparticle spectrum
ceases to have its minimum at a finite value k0 of the
momentum. Beyond this point, majority atoms may
form a Fermi surface with volume Ω = (2pi)3 s on
top of a BEC of pairs. The critical field hc ≡ ∆ is
then identical with the excitation gap at k = 0 (note
that this gap is now different from the gap parameter
defined by the short distance limit of the anomalous
Green function F(x → 0, τ = 0−)). Within a mean
field description, the quasiparticle dispersion has its
minimum at k = 0 in the regime where the chemical
potential is negative. From a detailed calculation
of the spectrum within a Luttinger-Ward approach,
however, it turns out that the associated critical
value of the parameter v = 1/kFa is vS ' 0.8 [52],
which is about a factor of two larger than the point
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where µ changes sign. An equivalent of the point
S has been determined from purely thermodynamic
considerations by Pilati and Giorgini [53], who esti-
mate the regime for which the balanced superfluid
phase cannot be polarized in a continuous manner
as v ≤ 0.53. This and also the corresponding result
v ≤ 0.66 given in [9], is considerably smaller than
the value obtained from an explicit calculation of the
quasiparticle spectrum. The origin of this discrepancy
remains open. Using the Luttinger-Ward results for
the splitting point [52] at vS = 0.8, ∆(vS) = 0.95εF
and µ(vS) = −0.54εF , its coordinates in Fig. 3 a) are
found to be (µ¯, h¯) = (−0.84, 1.48) which is already out-
side of the regime where the expansion for hc around
the onset from the vacuum from equation (20) holds.
Furthermore, as argued by Son and Stephanov [14],
there exists a Lifshitz point L along the line which
extends the boundary hFFLO of the FFLO phase at
weak coupling into the strong coupling regime near
unitarity. From our results in section 4, this point is
rather close to 1/a = 0. In the following, we assume
it is still at positive scattering lengths. As a result, as
shown in Figure 3 b), the FFLO phase of the unitary
gas lies between the balanced superfluid SF0 and a
normal phase with two Fermi surfaces, rather than a
further unconventional superfluid.
Along the saturation line hs one finds two special
points: The polaron to molecule transition point M ,
whose position is known quite reliably both from bold
diagrammatic Monte Carlo [36] and from a molecular
ansatz [50]. It is located at 1/(kFa) = 0.9 and
ηM = −2.2. For a finite density of minority atoms,
this point is very likely the endpoint of the line,
where the volume Ω of the minority Fermi surface
vanishes. The corresponding coordinates in Fig 3 are
(µ¯, h¯)M = (−0.74, 1.97). In a diagram (v, h/∆), which
corresponds to a fixed total density n and thus an
associated Fermi wave vector kF = (3pi2n)1/3, the
point M is at (v, h/∆)M = (1.13, 1.66). This compares
very well with our result (v, h/∆)M ' (1.13, 1.65),
obtained from the position on the critical line, where
the polarization reaches unity according to our self-
consistent Luttinger-Ward approach described below.
Closer to the BEC limit, there is also a tricritical point
T , beyond which the mixture of a molecular BEC and a
Fermi gas of majority atoms exhibit phase separation.
The transition to a fully polarized gas is then of first
order [40]. From variational Monte Carlo calculations,
the point T is located at 1/(kFa) = 1.7 [53], which
translates to (µ¯, h¯)T = (−0.96, 1.31).
Following the qualitative but rather general descrip-
tion of the phase diagram by Son and Stephanov [14],
we assume that one of the two lines entering the split-
ting point S from the BEC side defines a line, at which
the volume Ω of the minority Fermi surface vanishes,
ending at the polaron to molecule transition point M .
In this simplest possible form of the zero temperature
phase diagram which is consistent with all known data,
the unitary gas necessarily exhibits an FFLO phase.
Moreover, there is a superfluid with two Fermi surfaces
in the triangle LMS, which is likely to be a homoge-
neous Sarma phase. Whether the latter is indeed an
absolute minimum of the grand canonical potential or
possibly only a metastable phase is open.
4. LUTTINGER-WARD THEORY AT FINITE
SPIN-IMBALANCE
To study the thermodynamic properties in the pres-
ence of unequal spin densities, we use a diagrammatic
approach based on Green functions in imaginary time
τ ∈ [0, β]. Following the standard notation [54], it is
defined as
Gσ (x, τ) = −
〈
T
[
Ψˆσ (x, τ) Ψˆ
†
σ (0, 0)
]〉
. (21)
The index σ =,  denotes the spin orientation and T
is the time-ordering operator. Since we only consider
the normal phase in our present work, no anomalous
expectation values appear. The densities can be ex-
tracted via the standard relation
nσ = Gσ
(
x = 0, τ = 0−
)
. (22)
In the following, we restrict ourselves to the dominant
instability of the Fermi gas with attractive contact in-
teractions, which is s-wave pairing in a relative singlet
configuration. This allows to restrict the momentum
dependence of the vertex function Γ to a single mo-
mentum and frequency. Furthermore, in the zero range
limit, Γ becomes a scalar in spin space, which contains
only the center of mass dynamics of the pairs
Γ(x, τ) =g¯(Λ) δ(τ)δ(x)
− g¯2(Λ) 〈T
(
ψˆψˆ) (x, τ) (ψˆ†ψˆ†) (0, 0)〉 .
(23)
Its short distance and short time limit determines the
Tan contact density
~4
m2
C = −Γ(x = 0, τ = 0−)
= lim
Λ→∞
g¯2(Λ) 〈ψˆ†(x)ψˆ†(x)ψˆ(x)ψˆ(x)〉 ,
(24)
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which, above the superfluid transition, has no anoma-
lous contribution involving the gap parameter ∆ [3,52].
The grand potential Ω(T, µ, h, 1/a, V ) = −p V
which directly determines the pressure p, can be repre-
sented in terms of the formally exact Luttinger-Ward
functional [55]
Ω[G] = β−1
(
Tr{ln[G] + [1−G−10 G]}+ Φ[G]
)
, (25)
where G = {G,G} denotes the two independent
components of the interacting Green function and
G0 = {G,0,G,0} contains the bare Green functions
Gσ,0(k, ωn) = 1
i~ωn − (εk − µσ) . (26)
They involve fermionic Matsubara frequencies
~ωn = 2pi(n + 1/2)T and the free particle dis-
persion relation εk = ~2k2/(2m). The nontrivial
part Φ of the Luttinger-Ward functional contains all
topologically allowed skeleton Feynman diagrams. It
is defined by the property that the physical, interact-
ing Green function solves the self-consistent Dyson
equation
G−1σ = G−1σ,0 − Σσ [G] , (27)
where the spin-dependent self-energy is given by the
functional derivative
Σσ[G] =
δΦ[G]
δGσ . (28)
The conserving nature of the formalism guarantees that
all thermodynamic relations are obeyed, irrespective
of the approximations used for Φ, provided that the
Green function G is a self-consistent solution to the
equations (27) and (28) [56]. In our self-consistent the-
ory for the imbalanced Fermi gas, we constrain Φ to
the particle-particle ladder. This approximation cap-
tures the BCS instability, however it does not fully
account for particle-hole fluctuations. In the weak
coupling limit, the latter have been included prop-
erly for a zero range interaction by Gorkov and Melik-
Barkhudarov [48], giving rise to a reduction of the BCS
critical temperature by a factor of (4e)1/3 ' 2.22. In
the relevant regime around unitarity, these fluctuations
are apparently strongly suppressed. Indeed, for a bal-
anced Fermi gas at h = 0, both the critical temperature
Tc/TF ' 0.16 and the Bertsch parameter ξs = 0.36
at T = 0, obtained from a Luttinger-Ward approach
based on including only the particle-particle ladder [16],
agree very well with the corresponding experimental
values [28]. Within this approximation, the vertex
function can be written in the form
Γ(Q,Ωn) =
1
1
g +M (Q,Ωn)
, (29)
which results from the geometric series of the particle-
particle bubble diagram
M(Q,Ωn) =∫
d3k
(2pi)
3
[
1
β
∑
m
G(k, ωm)G(Q− k,Ωn− ωm)− 1
2εk
]
.
(30)
Note that the last term renders the result finite and
has been introduced by the renormalization scheme
of equation (11) as we have already taken the limit
Λ→∞ in equation (29). The self-energy is connected
with the vertex and the exact Green function via
Σσ(k, ωn) =∫
d3Q
(2pi)
3
1
β
∑
m
Γ (Q,Ωm)Gσ¯ (Q− k,Ωm − ωn) , (31)
where σ¯ is the spin orientation complementary to σ.
Together with (27) and (29), this gives a closed set
of equations for the two independent Green functions
Gσ (k, ωn).
The equations (29) - (31) together with the Dyson
equation (27) are solved numerically in an iterative
manner, until convergence for each set of initial,
dimensionless parameters βµ, βh and λT /a has been
reached. The results may then be converted to the
more common canonical description, where the mo-
mentum and energy scales are expressed in terms of
the Fermi wave vector kF =
(
3pi2(n + n))1/3 and
the corresponding Fermi energy εF = ~2k2F /2m of an
ideal Fermi gas with the same total particle density.
The individual spin densities n, n follow from (22).
For an efficient numerical evaluation of the convolu-
tions in equations (30) and (31), we use the standard
procedure of Fourier transforming the factors in the
integrand to real space and imaginary time. These
are then multiplied and converted back to momentum
and frequency space by an inverse Fourier transfor-
mation. As both the Green and vertex function show
algebraically decaying asymptotics in k and ωn, we
need an appropriately tailored version of the Fourier
transformation. The transformation between τ and ωn
or Ωn, respectively, is performed by a spline Fourier
transform [16]. For this method we first interpolate
the function by a spline of up to fifth order on a grid of
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512 appropriately spaced points in the τ -interval and
on the same number of exact Matsubara frequencies
where we use a grid with exponential scaling in the
high frequency regime to correctly capture the power-
law tails, which are important for the computation
of the thermodynamic quantities. The subsequent
Fourier transformation of the spline yields a drastic
suppression of discretization errors compared to a
direct discrete Fourier transform. For the k ↔ x
transformations we typically use a logarithmic Fourier
transform [57] based on a fast Fourier transform on a
grid of 512 equidistant points on a logarithmic lattice.
Alternatively, for βµ 1, we switch to a spline Fourier
transformation with adaptively increased grid density
around the Fermi surface and the FFLO vector, which
are both subject to continuous updates during the
iteration.
The instability to the formation of a superfluid is
signaled by a divergent vertex or equivalently by a
zero of the inverse vertex. In the standard case of
pairing with vanishing center of mass momentum,
we locate the transition point in parameter space
by the criterion that Γ−1 (Q→ 0,Ωn = 0) ∼ Q2
approaches zero like the square of the center of mass
momentum [54]. The quadratic behavior in Q is well
resolved in our numerical data 6) (see Figure 4) while
for very large values of |Q| we obtain a linear behavior
Γ−1 (Q,Ωn = 0) ∼ |Q| which is characteristic for a
zero range interaction with a finite value of the contact
density C defined in (24). In the regime where an
instability of the FFLO type dominates, we accept
a threshold of
∣∣∣Γˆ−1 (Q,Ωn = 0)∣∣∣ ≤ 10−6, for the
dimensionless inverse vertex Γˆ−1 ≡ −(2pi)3/2λ3TΓ−1/β
at a finite value of Q as zero. To check the precision
of our numerical results, we compute the pressure
from the grand potential in equation (25) and com-
pare it to the pressure obtained by the Tan pressure
relation (34). The resulting relative deviations vary
between a level of about 10−4 at generic points in the
phase diagram to the 10−3 level close to the phase
transition. Since this relation does not only depend
on energy scales up to kF , but is also very sensitive
to the non-trivial high frequency and momentum
behavior of both the vertex function and the Green
functions, the extraordinarily high precision to which
it is fulfilled exemplifies the ability of our specifically
tailored methods for the Fourier transform to correctly
6) Strictly speaking Γ−1 (Q,Ωn = 0) ∼ |Q|2−η involves an
anomalous dimension η which is, however, very small for the
transition to superfluidity in three dimensions and is anyway not
properly contained in our approach.
Fig. 4. (Color online) Double logarithmic plot of two typ-
ical critical inverse vertices. Blue line: At relatively high
temperatures and positive scattering lengths pair forma-
tion at Q = 0 causes a phase transition to a homo-
geneous superfluid phase. Criticality is ensured by de-
manding Γˆ−1 ∼ Q2 at small momenta. Red line: At
sufficiently low temperatures and attractive interactions
the system becomes unstable towards pair formation at
a finite center-of-mass momentum, resulting in a phase
transition towards FFLO.
capture slowly decaying functions over several orders
of magnitude. Furthermore, in the case h = 0 all our
results coincide with the normal fluid computations in
the previous Luttinger-Ward studies for the BCS-BEC
crossover of spin-balanced Fermi gases [16].
The phase diagram of the unitary gas at finite tem-
perature is shown in Fig. 5. The critical temperature
at vanishing field h = 0 is (T/µ)c ' 0.38, which cor-
responds to Tc/TF ' 0.15. Apparently, at tempera-
tures below T/µ ' 0.15 the critical field (h/µ)c starts
to decrease slightly. The origin of this unexpected be-
havior is quite likely the presence of a tricritical point,
below which the normal to superfluid transition is of
first order. The present approach, which is restricted
to the normal fluid, can only determine the lower crit-
ical field, at which the normal state ceases to be at
least metastable. To faithfully determine the position
of this tricritical point, and the critical field below it,
requires a calculation which includes the symmetry bro-
ken phase. This will be presented in future work. At
very low temperatures, we find a regime where the in-
stability occurs at a finite wave vector. An extrapo-
lation to the lowest available temperatures shows that
(h/µ)FFLO = 1.28 ± 0.15. The precise value unfortu-
nately depends on the criterion applied for the vanish-
ing of the inverse vertex at finite Q.
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Fig. 5. (Color online) Black line: temperature dependence
of the critical field strength hc at unitarity, below which
the system forms a homogeneous superfluid. The extrap-
olation to zero temperature yields (h/µ)c = 1.09± 0.05.
At very small temperatures and fields above hc FFLO or-
der, here indicated by the red-shaded region, appears to
emerge.
Our extrapolated value (h/µ)c = 1.09 ± 0.05 for the
CC-transition of the unitary gas is considerably larger
than the one obtained by Lobo et al. [58], who find
(h/µ)c = 0.96, and also the result (h/µ)c = 0.83
in the more recent work by Boettcher et al. [59].
Within leading order in a 1/N–expansion, the result
is (h/µ)c = 0.807 . . . [8], while (h/µ)c = 1.947... in
next-to-leading order [60]. Our result agrees quite well,
however, with the one from the ε = 4− d expansion by
Nishida and Son, who obtain (h/∆)c = 0.878 to leading
order [61]. With ∆/µ = 1.31 this gives (h/µ)c = 1.15.
Experimentally, the ratio has been inferred from in situ
imaging of the density profiles in a trapped imbalanced
gas by Shin et al. [62]. In particular, it has been shown
there that the parameter ηc in (h/µ)c = (1−ηc)/(1+ηc)
can be connected to the measured ratio Rc/R of the
radius Rc of the balanced superfluid in the center of
the trap and the outer radius R of the fully polarized
gas at the edge by the relation
ηc =
2
[
ξs (ns(0)/n0)
2/3 − 1
]
1− (Rc/R)2 + 1 . (32)
Apart from the universal Bertsch parameter ξs, it only
contains the ratio between the central density ns(0) of
the balanced superfluid and the density n0 of a fully po-
larized Fermi gas with chemical potential µ(0). The
measured values Rc/R = 0.43 and ns(0)/n0 = 1.72 for
the coldest sample then give ηc = 0.03 or (h/µ)c = 0.95
with a Bertsch parameter ξs = 0.42. Using the precise
result ξs = 0.37, however, leads to a much larger value
(h/µ)c = 1.35 with the same set of experimental pa-
Fig. 6. (Color online) Dimensionless pressure scaling func-
tion pˆ at unitarity as a function of the dimensionless chem-
ical potentials. The bold black line indicates the super-
fluid transition.
rameters. A possible explanation for the discrepancy
with the result (h/µ)c = 1.1 found here, is that the
effective Bertsch parameter at the finite temperature
of the experiment is higher than the universal value at
T = 0. A rather small critical field (h/µ)c = 0.88 has
also been inferred in later measurements by Navon et
al. [63], but again the value extracted from the anal-
ysis of the density profiles changes substantially if the
precise number of the Bertsch parameter is used rather
than the assumed value ξs = 0.42.
From the Luttinger-Ward functional (25) one can
directly determine the dimensionless pressure scaling
function pˆ = p(T, µ, h, 0)/(p(0)(T, µ) + p(0)(T, µ))
which is shown in Fig. 6. At vanishing Zeeman field
h = 0 this reduces to fp(βµ, 0), for which our approach
yields fp((βµ)c ' 2.65, 0) ' 2.73. Along the critical
line, pˆ has a shallow minimum near βh = 9 (not shown)
and slowly converges to ' 1.5 for βh → ∞. Far away
from the critical line, for h  µ, the system becomes
strongly polarized and approaches the noninteracting
limit where pˆ = 1.
The intensive Tan contact density C, which
appears in the tail of the momentum distribution
nσ(k) → C/k4 [64, 65] at large momenta can be
obtained from the vertex function via (24) or also from
the pressure, using
~2
4pim
C = ∂p
∂ (1/a)
. (33)
The equation of state has to obey the exact Tan rela-
tion [66]
p =
2
3
ε+
~2
12pima
C , (34)
which connects pressure p and energy density ε. In par-
ticular, at unitarity, p = 2 ε/3 as a consequence of scale
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Fig. 7. (Color online) The dimensionless contact density
C˜ = C/k4F at 1/a = 0 as a function of the reduced vari-
ables T˜ = T/TF and h˜ = h/εF decreases strongly with
increasing Zeeman field. The system becomes unstable
to pair formation at the black line.
invariance. Quantitative results for the contact density
at unitarity are presented in Fig. 7. It has a maximum
value C˜ ' 0.09 near the superfluid transition at h˜c,
which is essentially independent of the specific value
h˜c of the field. For h˜ beyond h˜c, the imbalance grows
and the contact density C˜ decreases quickly. Indeed,
in the limit n → 0 of a strongly imbalanced gas, the
contact density has to vanish because there is no tail
in the momentum distribution for a single-component,
non-interacting Fermi gas. More precisely, C ∼ s˜ kF n
turns out to vanish linearly with the minority density
n, where kF  is the Fermi wave vector of the major-
ity component and s˜ a dimensionless prefactor of order
one [50]. This behavior is in fact captured correctly
by our results. Note also that, at a given value of the
field h, the contact density is largely independent of the
temperature in the relevant regime T˜ . 0.3.
Finally, in Fig. 8, we show the critical field strength
h˜c = (h/εF )c as a function of the reduced temperature
T˜ = T/TF and the dimensionless interaction strength
v = 1/(kFa) in the crossover regime |v| < 2. While
the line of critical temperatures for the balanced gas
Tc(h˜ = 0)/TF coincides with previous results, we gen-
erally observe decreasing values of the critical temper-
atures with growing Zeeman field. The FFLO wedge
extends from the BCS limit to the unitary regime with
a maximum in the transition temperature on the order
of 0.03TF for interaction strengths v ' −0.75 slightly
on the BCS side of the unitary limit.
Fig. 8. (Color online) Critical Zeeman field strength
(h/εF )c as a function of temperature T/TF and inverse
scattering length v. Below the yellow surface the sys-
tem forms a homogeneous superfluid. Underneath the
blue wedge an FFLO phase is predicted. Near unitar-
ity critical temperatures for FFLO order reach as high as
Tc/TF ' 0.03.
5. CONCLUSION
We have reanalyzed the basic problem of Fermi
gases with a finite Zeeman field. In the context of ul-
tracold atoms, where the relevant range is the one near
infinite scattering length, quantitatively reliable results
for the thermodynamic functions at finite temperature
for this problem are still rare. Based on an extension of
an earlier Luttinger-Ward approach to finite imbalance,
our results provide strong evidence for the presence of
an FFLO phase for Fermi gases near unitarity, con-
sistent with the rather general, non-perturbative argu-
ment given by Son and Stephanov [14]. The associated
critical temperatures are unfortunately rather small,
with a maximum of order' 0.03TF slightly on the BCS
side of the unitary gas. In addition, we have provided
explicit results for the universal scaling functions and
the contact density of the imbalanced gas in its normal
state. This analysis is based on understanding the ther-
modynamics of imbalanced Fermi gases near unitarity
in terms of universal scaling functions near the strong
coupling fixed point at zero density discussed first by
Nikolić and Sachdev [8]. Of course, a detailed analysis
of the various symmetry broken phases is still open. In
particular, it seems important to study both the pre-
cise position and the thermodynamic phases near the
splitting point, where the quasiparticle dispersion of
the balanced superfluid changes its nature.
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